Defining the four vectors n α and τ α of Abramowicz's covariant formalism of inertial forces, in terms of the lapse function α, shift vector β i , the metric γ ij and the velocity 3-vector V i , we derive the components of centrifugal and Coriolis accelerations acting on a fluid element with four velocity U α .
Introduction
Though the idea of introducing the concept of inertial forces within the framework of general relativity is more than a decade old (Abramowicz et al., 1988 (Abramowicz et al., , 1990 , one of the significant results of doing so, viz.
the reversal of centrifugal force (Abramowicz and Prasanna, 1990) seems to have found some applicability in the context of astrophysical scenario recently. Heyl (2000) while probing the properties of neutron stars with type 1 X-ray bursts, concludes that, if the change in spin frequency is due to a change in the thickness of the atmosphere, the radius of the star must exceed 3m for any equation of state, the constraint arising from the reversal of centrifugal force. He also considers the effect of the Coriolis type of force arising from the dragging of inertial frames and its relevance in the context of calculating the angular momentum of the fluid element in the neutron star atmosphere. More recently, Hasse and Perlick (2001) while discussing gravitational lensing in spherically symmetric static space times with centrifugal force reversal, show that in any spherically symmetric static space time, the upper limiting radius for a non-transparent Schwarzschild source to act as a gravitational lens that produces infinitely many images, is intimately related to the radius at which the centrifugal reversal takes place. While these studies are encouraging to show the relevance of the introduction of 'inertial forces' in general relativity, one has to bear in mind that almost all the results obtained earlier in the context of 'centrifugal reversal' were for the study of test particles in circular geodesics. In fact, Gupta, Iyer and Prasanna (1996) had obtained the expression for the centrifugal force on a fluid element, in the optical reference geometry approach while considering the behaviour of ellipticity of a slowly rotating configuration which is ultra compact, but the treatment was not fully covariant.
We shall now set up a formalism using the covariant prescription for inertial forces (Abramowicz et al. (1995) and relating it to the study of test fluids on a given background geometry in the ADM splitting with shift vector and lapse function and rewrite the components of acceleration in terms of these quantities and the velocity 3-vector V i . With this formalism, one can perhaps look for the behaviour of the inertial forces in general dynamical space times using numerical techniques.
In the present paper, we shall use the formalism for considering fluid flow in stationary space times with only radial and only azimuthal components of velocity being non-zero and then the case of static space time wherein both the radial and azimuthal components of fluid velocity being non-zero.
Formalism
On a general manifold M described by the line element
One can use the 3+1 ADM splitting to define the lapse function α, shift vector β i and the 3-metric γ ij (York 1983) to rewrite (1) as
It is well known that this splitting forms the basis for numerical hydrodynamics, wherein with the introduction of a unit time-like vector field n µ normal to the space-like hypersurface (t = const), one can define the fluid 3-velocity V i (York 1983 )
with U i being the spatial component of the fluid four velocity
In order to introduce the "inertial forces" (Newtonian) one can follow the covariant procedure as given by Abramowicz (1995) , and relate the timelike vector field n µ to the gradient of the gravitational potential φ through
for any stationary axisymmetric space-time with η and ξ denoting the timelike and space-like Killing Vectors.
If τ µ represents a space-like vector field, orthogonal to n µ , then the four velocity in the space-time may be written as
and the three metric
If we now introduce the conformal rescaling of the 3+1 splitting as done by Abramowicz, Carter and Lasota (1988) using what is called the Optical
then the four acceleration a µ = U ν ∇ ν U µ can be written in the explicit form (Abramowicz 1993 )
wherein the terms can get the specific identifications as gravitatonal, Coriolis type (Lense-Thirring) θ(V ), centrifugal θ (V 2 ) and Eulerian accelerations.∇ ν is the covariant derivative in the absolute 3-space with the projected conformal metricγ ij .
One can now relate these two splittings of the axisymmetric, stationary space-time through the definition
Using (9) and (10) one can express the components of acceleration vector a µ in terms of α, β i , γ ij and the 3-velocity components V i .
The centrifugal acceleration acting on a fluid elementṼ 2τ ν∇ ντµ is given by
while the Coriolis type (Lense-Thirring) is given by
Thus for any given background geometry one can evaluate the specific acceleration components, if one has the 3-velocity field of the fluid on that geometry evaluated through the equations of motion.
3 Specific Examples
A purely radial flow which is encountered in the case of spherical accretion, particularly in static space times will have
As V 2 = γ rr (V r ) 2 and V r = γ rr V r , the first term also gives 1 2 (V r ) 2 ∂ r γ rr and thus (Cf ) r is identically zero. This is to be expected and goes to show the consistency of the definition.
Purely Azimuthal Flow
a. Schwarzschild Space Time:
b. Kerr Space Time:
The results in this case is again as expected and is the same as in the test particle case (Abramowicz and Prasanna (1990) , Iyer and Prasanna (1993) ).
General Case with
The equations of motion for a perfect fluid distribution are given by
Using the definition of 3-velocity
, one can write explicitly the equation of continuity
and the momentum equations
We shall now restrict to the case of static backgrounds only, when β i = 0, and further the flow to be on the equatorial plane θ = π 2 only.
Thus the equations of motion and of continuity are
and
We consider the case of pressureless fluid (dust) for which the above equations can be integrated easily to get
From (11) the expression for the centrifugal acceleration is given by
Substituting for various components and simplifying, one finds
As γ 2 = 1/(1 − V 2 /c 2 ), one finds that the centrifugal acceleration is
This is indeed very interesting to note that unlike in the case of pure azimuthal flow, when the radial component of the 3-velocity is also non-zero, then the centrifugal acceleration does not change sign.
Discussion
The reversal of centrifugal force acting on a test particle in circular orbit at the last circular unstable photon orbit, in static space times has drawn some attention in recent times in varying context ranging from Xray sources to infinitely multiple image forming. Actually one can clearly see that these features are closely associated with the photon behaviour in static space times. Though test particle trajectories do give some understanding of the geometry on which they are moving, for astrophysical applications it is fluid flows that are important. On the other hand, for flows with both radial and angular velocity nonzero, one needs to compute the shear and then compare its change in sign with that of the centrifugal force.
